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Abstract

Offline safe reinforcement learning learns high-
return policies that satisfy hard safety constraints
using only a pre-collected dataset. This setting
is challenging due to the inability to explore, and
the risk of propagating value errors through unsafe
state-space regions. To address this, first, we char-
acterize the safe state region by developing a frame-
work for learning control barrier functions (CBFs)
using a novel generalized Bellman operator, yield-
ing a persistent safety set, from which the agent
can remain safe indefinitely. Second, we show
that several existing safety set estimation methods
(e.g., reachability-constrained RL) can be formu-
lated within our CBF learning framework, high-
lighting its generality. We further propose a new
CBF that ensures safety under environment dynam-
ics uncertainty, unlike standard CBFs designed for
deterministic settings. Third, we propose a new re-
ward maximization algorithm that effectively ex-
ploits our learned persistent safety set for reward
critic estimation. Empirical results on standard
benchmarks show that our approach achieves state-
of-the-art safety with fewer constraint violations
while maintaining competitive returns.

1 Introduction
Safety-critical tasks such as autonomous driving [Gulino et
al., 2023; Osinski et al., 2019], robotics [Gu et al., 2023], and
healthcare [Fang et al., 2024] require RL algorithms [Sutton
and Barto, 2020] that maximize performance while guaran-
teeing constraint satisfaction [Wachi et al., 2024]. A single
violation can cause irrecoverable harm, making online ex-
ploration risky. In offline RL, where learning is from static
datasets [Fujimoto et al., 2019], ensuring safety is even more
challenging due to risks of unsafe generalization, value over-
estimation, and reward propagation through unsafe regions.
Prior work on safe RL has mainly used constrained opti-
mization, introducing Lagrange multipliers [Gu et al., 2024;
Wachi et al., 2024; Achiam et al., 2017; Tessler et al., 2018].
However, these approaches only encourage safety in expec-
tation. An alternative line formulates safety via reachability:

RCRL [Yu et al., 2022] analyzes worst-case constraint evolu-
tion, which BCRL [Brahmanage and Kumar, 2026] extends
to cumulative constraints, while FISOR [Zheng et al., 2024]
uses diffusion models to estimate safe trajectories. Inspired
by control theory, these methods use control barrier functions
(CBFs) to enforce forward invariance [Ames et al., 2019].
Recent work further shows that value functions can act as bar-
rier certificates [Tan et al., 2023].

Recent surveys on learning CBFs [Wachi et al., 2024;
Ganai et al., 2024] emphasize their importance for connect-
ing verification, optimization, and learning, but also highlight
challenges: (a) learning barrier certificates from limited data,
(b) integrating barrier constraints into value learning, and (c)
preventing safety information “leakage” through unsafe re-
gions. Most offline safe RL algorithms [Chemingui et al.,
2025b; Koirala et al., 2025] enforce safety only at policy ex-
traction, allowing reward propagation through unsafe regions
in the value critic and weakening safety guarantees. Our work
addresses these issues by learning CBFs from offline data via
a generalized Bellman operator and introducing principled
methods to prevent safety leakage.

Related work. Recent work has connected control barrier
functions (CBFs) and reinforcement learning (RL), especially
in data-driven and offline settings. Neural CBFs trained
from demonstrations or safe trajectories enable safety with-
out explicit models [Harms et al., 2024; Lindemann et al.,
2024; So et al., 2024]. Some approaches estimate CBFs
from offline data, but often rely on conservative assump-
tions or are limited to specific systems [Yu et al., 2025;
Tabbara and Sibai, 2025]. In offline RL, strategies like
boundary-to-region supervision, diffusion regularization, and
online optimization layers [Su et al., 2025; Guo et al., 2025a;
Chemingui et al., 2025a] mitigate unsafe generalization, but
do not provide a unified framework for learning persistent
safety sets via Bellman updates. Our work addresses this gap
by formulating safety as a global, trajectory-level property,
propagating worst-case violations through Bellman updates,
and integrating safety critics with offline value-based RL to
prevent unsafe value propagation during training.

Contributions. Our main contributions are as follows:

• Generalized Bellman operator for CBF learning: We
develop a framework for learning discrete time CBFs
via a generalized Bellman operator, and show that sev-



eral existing CBFs are special cases. The fixed point of
this operator corresponds to the largest forward-invariant
safe set, providing a data-driven safety certificate.

• Forward-invariant safety enforcement: We integrate
learned CBFs as an explicit safety critic in our offline
safe RL algorithm, embedding them directly into ac-
tor–critic learning so that both value estimation and pol-
icy improvement are restricted to barrier-certified safe
regions, preventing value propagation via unsafe re-
gions, while still achieving high returns.

• Empirical validation: We demonstrate state-of-the-art
safety constraint satisfaction with competitive returns on
standard offline safe RL benchmarks.

Additional results, code and full paper with proofs are avail-
able at https://ayanroy24.github.io/GDCBF/.

2 Preliminaries
2.1 Offline Safe Reinforcement Learning
We formulate safe sequential decision making as a con-
strained MDP (CMDP), and subsequently address the chal-
lenges of learning from an offline dataset.

Constrained MDP. A CMDP is defined by the tuple M :=
⟨S,A, T , r, c, γ, µ0, Clim⟩. Here, S and A denote the state
and action spaces, respectively [Altman, 2021]. The transi-
tion distribution T (s′ | s, a) denotes the probability of tran-
sitioning to state s′ given state s and action a. Reward func-
tion is defined as r : S × A → R and the cost function as
c : S × A → R+. The reward discount factor is γ ∈ [0, 1),
and µ0 denotes the initial state distribution. The scalar Clim
represents the safety budget, defined as the maximum allow-
able expected cumulative cost.

The objective is to learn a policy π : S → A that max-
imizes the expected discounted return JR(π) subject to the
safety constraint JC(π) ≤ Clim, formally stated as:

maximize
π

JR(π) = Eπ

[
∞∑
t=0

γtr(st, at)

]

subject to JC(π) = Eπ

[
∞∑
t=0

γtc(st, at)

]
≤ Clim

(1)

where Eπ denotes the expectation over trajectories induced
by π and T . In this work, we set the safety budget Clim = 0,
addressing the challenging hard constraint setting where any
constraint violation is inadmissible.

Learning from Offline Data. In complex real-world do-
mains, obtaining an accurate analytical model of the envi-
ronment (e.g., transition dynamics T ) is often intractable.
Consequently, we adopt the offline safe RL setting, where
the agent must learn solely from a fixed dataset D =
{(si, ai, ri, ci, s′i)}Ni=1 collected by one or more behavioral
policies πβ , without additional environment interactions.

2.2 Discrete Control Barrier Value Functions
Expected-cost constraints in CMDPs do not prevent transient
or worst-case violations. In safety-critical domains, a sin-
gle violation may be unacceptable regardless of the expected

cost. Control barrier functions (CBFs) provide a stronger
safety mechanism by characterizing safety through forward
invariance of a feasible set. Next, we adapt CBFs [Agrawal
and Sreenath, 2017] to discrete-time offline safe RL.

Safety is enforced through inequalities on value func-
tions, enabling barrier-based reasoning directly from offline
datasets. We learn CBFs via a Bellman-style update rule to
learn a safety-criticQh(s, a) that serves as a safety certificate.
We define the safe set C based on state-action pairs, where the
function h : S ×A → R serves as a safety indicator.
Definition 2.1 (Safe Set). The safe set C is defined as the set
of state-action pairs satisfying the condition:

C = {(s, a) ∈ S ×A | h(s, a) ≤ 0} (2)

where h(s, a) represents the immediate safety indicator (e.g.,
distance to a safety boundary), and positive values indicate a
violation.

For CMDPs, the safety indicator h(s, a) is directly de-
rived from the cost function c(s, a). Following [Zheng et
al., 2024], let h(s, a) = c(s, a) if the transition is unsafe
(c(s, a) > 0), and h(s, a) = −1 otherwise. This mapping
ensures that h(s, a) > 0 corresponds to constraint violations,
while h(s, a) ≤ 0 indicates safety compliance.

While C captures instantaneous safety, relying solely on
it is myopic, as it does not ensure safety can be maintained
over time. Guaranteeing long-term safety requires identify-
ing regions where the dynamics allow indefinite constraint
satisfaction, leading to two notions: forward invariance under
a given policy, and the existence of at least one safe policy,
which defines the persistent safety set. For exposition ease,
we assume below a deterministic MDP; stochastic setting is
addressed later.
Definition 2.2. A set Sπ ⊆ S is forward invariant with
respect to a policy π if, for any initial state s0 ∈ Sπ , the
subsequent state trajectories generated by the deterministic
transition function f : S × A → S, st+1 = f(st, π(st)),
satisfy:

st ∈ Sπ ∀t ≥ 0. (3)
If Sπ is a subset of the safe states (where (s, π(s)) ∈ C),
then the policy π guarantees safety for all time steps when
initialized within Sπ , and thus π satisfies the CMDP safety
constraint in (1).
Definition 2.3. The persistent safety set SP ⊆ S is defined
as the set of all states for which there exists a policy π such
that the agent remains safe indefinitely. Formally:

SP ={s ∈ S | ∃π, ∀t ≥ 0, (st, at) ∈ C given s0=s} (4)

This set represents the maximal controlled invariant set
within the safety constraints. Staying in this set enforces
CMDP constraint in (1).

Explicitly computing set SP requires solving a global
reachability problem [Bansal et al., 2017], which is com-
putationally intractable [Mitchell et al., 2005]. CBFs pro-
vide a tractable alternative. By satisfying a specific rate-of-
change condition, the CBF function estimates the persistent
safety set, effectively identifying the boundary of safe opera-
tion [Ames et al., 2019].

https://ayanroy24.github.io/GDCBF/


Specifically, we learn a safety-critic Qh(s, a) that serves
as a certificate for persistent safety. The indicator h(s, a)
captures whether an action is immediately safe, Qh(s, a) ac-
counts for the worst-case future safety violations that may oc-
cur along subsequent trajectories. Intuitively, if Qh(s, a) ≤
0, the state-action pair is persistently safe, meaning there ex-
ists a policy that can maintain safety indefinitely. To ensure
forward invariance, we define the following condition:
Definition 2.4 (Deterministic Discrete CBF). Consider a de-
terministic MDP with transition function f (Definition 2.2).
A function Qh(s, a) is a discrete CBF if there exists a policy
π such that for all (s, a) with Qh(s, a) ≤ 0:

Qh(f(s, a), π(f(s, a))) ≤ Qh(s, a)− α(Qh(s, a)) (5)

where α(·) is an extended class K function [Agrawal and
Sreenath, 2017].

An extended class-K function α : R → R is continuous,
strictly increasing, with α(0) = 0; it modulates the decay rate
in Eq.5, permitting residency in the safe set for Qh ≤ 0 while
enforcing a corrective decrease toward safety for Qh > 0.
Hence α(q) > 0 for q > 0 and α(q) < 0 for q < 0, so α(Qh)
has the same sign asQh. A canonical choice is the linear form
α(q) = λq with λ ∈ (0, 1]. Intuitively, this inequality guar-
antees forward invariance by restricting the evolution of Qh

so that the agent is strictly prevented from crossing the safety
boundary. The function α(·) modulates this restriction, effec-
tively dictating how aggressively the policy must steer away
from the unsafe region based on the current safety margin.
In stochastic environments, relying on a single next state or
an expectation is insufficient for strict safety guarantees. We
therefore adopt a robust formulation.
Definition 2.5 (Robust Discrete CBF Condition). For a
stochastic MDP defined by T (·|s, a), a function Qh(s, a) is a
robust discrete CBF if there exists a policy π such that for all
(s, a) with Qh(s, a) ≤ 0:

max
s′∈supp(T (·|s,a))

Qh(s
′, π(s′)) ≤ Qh(s, a)−α(Qh(s, a)) (6)

where supp(T (·|s, a)) denotes the set of possible next states
(or support), and α(·) is an extended class K function.

This ensures that, even under worst-case transitions, the
safety value remains decreasing (or sufficiently negative) over
time. Small increases in Qh may occur due to stochasticity,
but α ensures forward invariance is maintained without re-
quiring strict decrease.

3 Learning CBFs via Bellman Updates
3.1 Generalized Bellman Operator
Learning control barrier functions from data presents sev-
eral challenges in the offline reinforcement learning setting.
Classical CBF formulations typically assume access to sys-
tem dynamics or require evaluating all possible successor
states [Ames et al., 2014], which is infeasible without an
explicit model. Existing reinforcement learning approaches
instantiate barrier functions using specific Bellman opera-
tors, such as hard maximum-based reachability updates [Yu
et al., 2022] or additive cost-style backups [Tan et al., 2023],

each inducing different trade-offs between safety and conser-
vatism. Moreover, offline datasets provide limited transition
coverage [Fujimoto et al., 2019], requiring safety propaga-
tion mechanisms that reason about worst-case future viola-
tions rather than expected behavior. These challenges mo-
tivate the need for a generalized Bellman backup framework
that unifies existing formulations while ensuring convergence
and forward-invariant safety properties.

To learn this function, we define a generalized Bellman-
like operator that propagates the worst-case safety constraint
violation. This effectively enforces a reachability constraint:
if a future state is unsafe, the current value must reflect that
potential violation.
Assumption 3.1. The function Ψ : R × R → R satisfies
the following properties: it is strictly increasing in its second
argument. Furthermore, Ψ(h, ·) is a contraction in the second
argument, i.e., |Ψ(h, v1)−Ψ(h, v2)| ≤ γ|v1−v2| with γ < 1
for all h.
Assumption 3.2. The function Ψ satisfies a consistency con-
dition: for any h, v, if q = Ψ(h, v), then v ≤ q − α(q) for
some extended class K function α. This ensures that the fixed
point induces a valid decay for the safety value.

Intuitively, this condition ensures that any fixed point of the
operator B automatically respects the required safety decay,
guaranteeing that the learned value function acts as a valid
barrier certificate.
Definition 3.1 (Generalized Reachability Bellman Operator).
We define the operator B acting on the state-action value
function:

BQh(s, a) = Ψ

(
h(s, a), max

s′∈supp(T (·|s,a))
min
a′∈A

Qh(s
′, a′)

)
(7)

where Ψ mixes the immediate safety cost with the future cost.

3.2 Theoretical Analysis
Having defined the generalized operator, we now establish its
theoretical properties. Specifically, we show that under the
imposed assumptions on the mixing function Ψ, the operator
defines a contraction mapping in the value function space.
Consequently, its iterative application converges to a unique
fixed point. Crucially, we prove that this fixed point satisfies
the robust discrete CBF condition, thereby providing a valid
certificate for the forward-invariant safety set.
Theorem 3.1. Consider a CMDP with continuous safety in-
dicator h(s, a). The iterative application of the operator B
defined in (7) converges to a unique fixed point Q∗

h. Further-
more, Q∗

h satisfies the Robust Discrete CBF condition defined
in (6), provided Assumptions 3.1 and 3.2 hold.
The proof of Theorem 3.1 is available in Appendix A.1.

As a consequence of the fixed-point characterization, the
boundary of the persistent safety set is given by the zero level-
set of the learned barrier value function. In particular, the set

C∗ = {(s, a) | Q∗
h(s, a) ≤ 0}

defines a forward-invariant safety region, while its boundary
is implicitly induced by the condition Q∗

h(s, a) = 0. Thus,
the safety boundary is not learned explicitly or parameterized
a priori, but emerges naturally from the generalized Bellman
updates.



Maximal Forward-Invariant Safe Set. As safety in se-
quential decision-making is inherently global and set-valued,
validity requires guarantees over entire trajectories, robust-
ness to worst-case dynamics, and compatibility with value-
based policy optimization. Moreover, in the offline setting,
safety guarantees must be grounded in dataset-supported tran-
sitions rather than extrapolated dynamics. Accordingly, we
establish additional properties of the fixed point Q∗

h. These
results show that the zero sublevel set of Q∗

h is not merely
forward invariant but constitutes the maximal set of state–
action pairs from which safety can be maintained indefi-
nitely, ruling out unnecessary conservatism. We use the stan-
dard pointwise order on value functions, i.e., Q1 ⪯ Q2 if
Q1(s, a) ≤ Q2(s, a) for all (s, a), and define the safe set in-
duced by Q as CQ = {(s, a) | Q(s, a) ≤ 0}.
Lemma 3.2. A set C ⊆ S × A is forward invariant if
there exists a policy π such that, for all (s, a) ∈ C and all
s′ ∈ supp(T (·|s, a)), we have (s′, π(s′)) ∈ C. A forward-
invariant safe set C∗ is maximal if, for any other forward-
invariant safe set C̃, it holds that C̃ ⊆ C∗. Let Q∗

h be the fixed
point of the operator B defined in (7). Then the set

C∗ := {(s, a) ∈ S ×A | Q∗
h(s, a) ≤ 0}

is the maximal forward-invariant safe set induced by B.
The proof of Lemma 3.2 is available in Appendix A.2.

4 Generalized Discrete CBF Variants
The theoretical framework established in Section 3 relies on a
generalized mixing function Ψ. In practice, the choice of this
function determines the nature of the learned safety certificate
and its optimization landscape. In this section, we discuss
what are the potential instantiations of the framework.

4.1 Deterministic Case
Maximum. The simplest instantiation of our framework
aligns with the Reachability Constrained RL (RCRL) ap-
proach [Yu et al., 2022]. Here, the operator propagates the
maximum of the immediate safety cost and the discounted
future safety value:

BQh(s, a) = max{h(s, a), γVh(s′)} (8)

where, Vh(s′) = mina′ Qh(s
′, a′). This corresponds to

Ψ(h, v) = max(h, γv). The discount factor γ serves to de-
cay the safety value over the horizon; specifically, it causes
the safety margin of safe states (negative values) to degrade
towards zero over time, while diminishing the magnitude of
distant unsafe violations (positive values). While this oper-
ator strictly enforces the safety condition, it can suffer from
value explosion if the horizon is long and costs are additive.
Smooth. The FISOR [Zheng et al., 2024] algorithm em-
ploys a convex combination to smooth the transition between
the immediate cost and the future value:

BQh(s, a) = (1− γ)h(s, a) + γmax{h(s, a), Vh(s′)} (9)

This corresponds to Ψ(h, v) = (1 − γ)h + γmax(h, v). By
incorporating the term (1−γ)h(s, a), this operator effectively
anchors the value estimate to the immediate safety cost. This

anchoring ensures that the safety critic remains responsive to
local constraint violations and stabilizes the learning process
by balancing the immediate feedback with the bootstrapped
lookahead.
Additive. The “Your Value Function is a Barrier Function”
framework [Tan et al., 2023] proposes an additive formula-
tion where the Bellman operator aggregates the immediate
safety cost and the discounted future value:

BQh(s, a) = h(s, a) + γVh(s
′) (10)

This corresponds to the linear aggregator Ψ(h, v) = h+ γv.
Unlike the maximum-based operators, this formulation re-
sembles the standard Bellman equation for cumulative cost.
By interpreting the value function itself (shifted by a con-
stant) as the barrier function, this approach ensures that the
safety certificate is learned via standard value iteration tech-
niques, provided the immediate cost h(s, a) is designed to
reflect the distance to the safety boundary.
Proposition 4.1. The Maximum, Smooth, and Additive up-
date rules all satisfy Assumption 3.1 (Monotonicity and Con-
traction) with contraction factor γ. Furthermore, they satisfy
the robust CBF condition (Assumption 3.2) with appropriate
choice of α.
The proof of Proposition 4.1 is available in Appendix A.5.

4.2 Stochastic Case
The deterministic operators discussed above assume a single
possible outcome for each action, which is often violated in
real-world systems with aleatoric uncertainty or unmodeled
dynamics. In such non-deterministic environments, the agent
must satisfy the Robust Discrete CBF condition (Definition
2.5), which requires bounding the maximum violation over
all possible next states: maxs′ Vh(s

′).
In the offline setting, we lack an explicit transition model

to query the set of reachable states. To overcome this, we pro-
pose to employ an asymmetric aggregation [Hansen-Estruch
et al., 2023] to approximate this worst-case future violation
directly from the data distribution. We denote this asymmet-
ric aggregation as Eτ , where the parameter τ can be adjusted
to control the level of conservativeness when approximating
the maximum. Common choices for such objectives include
expectile regression, percentile (pinball) loss, or Gumbel re-
gression [Garg et al., 2023]. By tuning the parameter τ , we
can estimate the upper tail of the future safety values observed
in the dataset.

In practice, we apply the asymmetric aggregation outside
the aggregator function Ψ to handle stochasticity in the tran-
sitions (s, a, s′). The update rule becomes:

BQh(s, a) = Eτ
s′∼D(s,a) [Ψ (h(s, a), Vh(s

′))] (11)

As τ → 1, the expectile Eτ approaches the maximum op-
erator, it also approaches the worst-case max over the tran-
sition support as seen in Fig.2, thereby recovering the Ro-
bust Discrete CBF condition (Definition 2.5) which requires
bounding the worst-case future violation. Note that Eq.11
adapts Eq.7 to the stochastic case: a direct max over transi-
tions is impractical in offline data (identical (s, a) pairs rarely
repeat), so asymmetric regression estimates the upper tail as a



Figure 1: Value propagation with vs. without persistent safety. The
figure shows a trajectory that briefly leaves the feasible region. Prior
methods allow value propagation through unsafe states by enforc-
ing safety only at policy extraction. Our approach enforces safety
within the Bellman update, blocking value propagation through un-
safe transitions.

data-efficient surrogate for worst-case estimation under lim-
ited coverage. In many practical implementations, Q-learning
employs a Huber or L1 loss [Mnih et al., 2013] to handle out-
liers and stabilize training. The corresponding asymmetric
variant for these robust losses is the percentile loss. There-
fore, we utilize the percentile loss to implicitly approximate
the robust target maxs′ Vh(s

′) over the transition distribution,
thereby enforcing safety against stochasticity in dynamics.

5 Utilizing Learned Persistent Safety Set for
the Value Function Estimation

As illustrated in Figure 1, enforcing safety at the value func-
tion level prevents reward propagation through unsafe in-
termediate states—a common issue in prior works such as
FISOR [Zheng et al., 2024] that apply safety constraints only
during policy extraction. We adopt an Implicit Q-Learning
(IQL) [Kostrikov et al., 2022] framework for offline RL to
learn the optimal value function from the static dataset D,
while enforcing the persistent safety.

Safety-Aware Joint Bellman Target. A core challenge in
offline safe RL is ensuring value estimates reflect safety con-
straints, even when the dataset contains unsafe trajectories.
Discarding unsafe transitions is undesirable because they of-
ten contain useful information, including safe segments. To
address this, we first learn the safety critic Qh using the cho-
sen CBF instantiation and then use it to define a modified
Bellman target. We propose a joint Bellman target for the re-
ward Q-function, QR, which explicitly handles safe and un-
safe transitions based on learned persistent safety. The target
yR(s, a, s

′) is defined based on the safety status predicted by
our learned CBF Q∗

h:

yR(s, a, s
′) =

{
r + γVR(s

′) if Q∗
h(s, a) ≤ 0

rmin

1−γ −Q∗
h(s, a) if Q∗

h(s, a) > 0
(12)

where rmin = min(s,a,r,c,s′)∈D r is the minimum reward
observed across the entire offline dataset (a single dataset-
wide constant, not a per-(s, a) minimum). For safe ac-
tions (Q∗

h(s, a) ≤ 0), we update using the standard Bell-
man backup with the value function VR. For unsafe actions

Algorithm 1 Barrier-Guided Offline Actor–Critic (CBF)

Require: Offline dataset D = {(s, a, r, c, s′)}, discount γ, expec-
tiles (τr, τh), temperature β, target rate η, samples N

1: Initialize actor πθ , reward criticQωr , value V ψr , safety criticQϕh,
safety value V νh , and target networks

2: for each gradient step do
3: Sample a minibatchM = {(s, a, r, c, s′)} ∼ D
4: Barrier target: yh ← Ψ(c, Vh(s

′)) for (s, a, s′) ∈M
5: Safety value update:

ν ← argminν EM

[
Lτh

(
Qϕh(s, a)− V

ν
h (s)

)]
6: Safety critic update:

ϕ← argminϕ EM

[∣∣∣Qϕh(s, a)− yh∣∣∣]
7: Safety-aware reward target (Eq.(12):

yr =

{
r + γVr(s

′) Qϕh(s, a) ≤ 0
rmin
1−γ −Q

ϕ
h(s, a) otherwise

8: Reward critic update:
ω ← argminω EM

[
(Qωr (s, a)− yr)2

]
9: Reward value update:

ψ ← argmin
ψ

EM

[
Lτr

(
Qωr (s, a)− V ψr (s)

)]
10: Policy update: w ← exp

(
β
(
Qωr (s, a)− V ψr (s)

))
;

θ ← argminθ EM[−w log πθ(a|s)]
11: Update target networks
12: end for
13: Evaluation: sample {ai}Ni=1 ∼ πθ(·|s),
14: return a⋆ = argminai Qh(s, ai)

(Q∗
h(s, a) > 0), we assign a penalty term. This penalty con-

sists of the worst-case discounted return rmin

1−γ minus the mag-
nitude of the safety violation Q∗

h(s, a). This ensures that un-
safe actions have strictly lower Q-values than safe actions,
effectively creating a “soft” barrier in the value landscape.

We define reward leakage as the propagation of reward
through unsafe transitions during Bellman updates, causing
the reward critic to overestimate values for policies that vio-
late safety. Our safety-aware target (Eq. 12) directly penal-
izes such transitions during training, preventing leakage. In
contrast, FISOR [Zheng et al., 2024] enforces safety only at
policy extraction, allowing value propagation through unsafe
regions. Enforcing safety at the value level ensures the Bell-
man operator converges to a safety-consistent fixed point as
shown in figure 3 and the toy example in Appendix D. The re-
wardQ-function is updated by minimizing the Mean Squared
Error (MSE) loss:

LQ(θ) = E(s,a,r,s′)∼D

[
(yR(s, a, s

′)−QR(s, a))
2
]

(13)

Value Function Estimation via Expectile Regression. We
then learn the state-value function VR(s) via expectile regres-
sion over the learned QR values:

LV (ψ) = E(s,a)∼D [Lτ
2(QR(s, a)− VR(s))] (14)

By utilizing the safety-aware QR, the expectile regression
(with τ > 0.5) naturally approximates the value of the best
safe actions in the dataset distribution. In states where both



CAPS CCAC LSPC FISOR CBFsmooth
reward ↑ cost↓ reward ↑ cost↓ reward ↑ cost↓ reward↑ cost↓ reward ↑ cost↓

CarButton1 -0.04±0.04 0.98±0.53 0.45±0.06 11.31±0.06 -0.03±0.03 0.59±0.11 -0.02±0.05 0.26±0.24 0.12±0.04 0.47±0.42

CarButton2 -0.15±0.02 0.56±0.01 0.53±0.01 9.82±0.01 -0.13±0.06 0.93±0.09 0.01±0.00 0.58±0.33 0.05±0.06 0.13±0.15

CarGoal1 0.23±0.04 1.09±0.57 0.84±0.13 1.81±0.14 0.27±0.22 0.24±0.47 0.49±0.03 0.83±0.16 0.55±0.33 0.27±0.41

CarGoal2 0.14±0.08 0.52±0.01 0.90±0.05 5.53±0.05 0.16±0.41 0.41±0.36 0.06±0.03 0.33±0.31 0.18±0.12 0.20±0.35

CarPush1 0.20±0.00 0.32±0.00 -0.12±0.00 0.59±0.09 0.18±0.07 0.41±0.12 0.28±0.04 0.28±0.15 0.30±0.16 0.13±0.28

CarPush2 0.05±0.03 2.31±1.03 0.12±0.03 6.06±0.03 0.07±0.05 0.80±0.02 0.14±0.07 0.89±0.51 0.20±0.12 0.23±0.25

AntVelocity 0.87±0.00 0.22±0.01 0.51±0.09 0.59±0.11 0.97±0.28 0.14±0.04 0.89±0.00 0.00±0.00 0.88±0.02 0.17±0.30

HalfCheetahVelocity 0.87±0.00 0.29±0.01 0.94±0.15 0.94±0.02 0.97±0.37 1.00±0.81 0.89±0.01 0.00±0.00 0.93±0.01 0.00±0.00

SwimmerVelocity 0.41±0.10 2.64±2.85 -0.08±0.01 0.00±0.00 0.46±0.19 1.28±0.15 -0.04±0.03 0.00±0.00 0.56±0.03 0.21±0.36

Average (9) 0.29±0.37 0.990.89 0.41±0.33 3.18±3.06 0.34±0.31 1.10±1.08 0.30±0.37 0.35±0.35 0.42±0.33 0.24±0.33

AntCircle 0.32±0.00 0.00±0.00 0.54±0.05 0.00±0.00 0.35±0.14 1.66±0.18 0.20±0.00 0.00±0.00 0.43±0.13 0.12±0.21

AntRun 0.53±0.00 1.83±0.00 0.02±0.00 0.00±0.00 0.75±0.03 15.58±0.04 0.45±0.08 0.03±0.01 0.63±0.09 0.53±0.31

BallCircle 0.33±0.00 0.00±0.00 0.67±0.14 0.00±0.00 0.50±0.31 0.14±0.07 0.34±0.01 0.00±0.00 0.44±0.02 0.22±0.21

BallRun 0.10±0.02 0.00±0.00 0.31±0.04 0.00±0.00 0.17±0.09 0.00±0.00 0.18±0.01 0.00±0.00 0.27±0.02 0.00±0.00

CarCircle 0.42±0.02 0.01±0.01 0.68±0.08 0.74±0.06 0.70±0.47 0.36±0.11 0.40±0.02 0.11±0.20 0.58±0.03 0.12±0.21

CarRun 0.96±0.00 0.12±0.00 0.92±0.09 0.29±0.02 0.97±0.42 1.52±0.39 0.73±0.02 0.14±0.22 0.84±0.07 0.23±0.34

DroneCircle 0.34±0.01 0.00±0.00 0.14±0.01 0.17±0.06 0.57±0.04 2.74±0.06 0.48±0.00 0.00±0.00 0.37±0.02 0.38±0.44

DroneRun 0.42±0.04 17.69±8.48 0.40±0.13 15.86±0.16 0.56±0.16 0.00±0.00 0.30±0.03 0.55±0.55 0.55±0.01 0.00±0.00

Average (8) 0.43±0.25 2.46±6.19 0.46±0.30 2.13±5.55 0.57±0.25 2.75±5.28 0.39±0.18 0.10±0.19 0.59±0.19 0.18±0.16

easysparse 0.20±0.15 1.05±1.07 -0.05±0.00 0.32±0.00 0.85±0.16 5.76±3.9 0.38±0.06 0.53±0.30 0.52±0.01 0.46±0.15

easymean 0.15±0.10 0.61±0.34 -0.06±0.01 0.14±0.10 0.78±0.05 3.59±1.27 0.38±0.05 0.25±0.16 0.38±0.07 0.36±0.37

easydense 0.10±0.01 0.57±0.31 -0.05±0.00 0.24±0.06 0.61±0.39 5.20±3.26 0.36±0.03 0.25±0.13 0.55±0.21 0.61±0.18

mediumsparse 0.46±0.12 0.40±0.63 -0.08±0.00 0.24±0.06 0.95±0.07 4.24±1.11 0.42±0.05 0.22±0.36 0.54±0.04 0.23±0.46

mediummean 0.39±0.03 0.33±0.25 -0.06±0.01 0.06±0.09 0.97±0.03 4.14±0.93 0.39±0.04 0.08±0.07 0.54±0.15 0.30±0.36

mediumdense 0.50±0.13 0.36±0.20 -0.07±0.00 0.20±0.00 0.70±0.39 2.77±1.73 0.49±0.05 0.44±0.32 0.53±0.16 0.26±0.15

hardsparse 0.32±0.04 1.76±0.32 -0.05±0.00 0.24±0.06 0.51±0.11 1.99±0.66 0.30±0.02 0.01±0.01 0.42±0.02 0.77±0.07

hardmean 0.18±0.01 0.17±0.15 -0.05±0.00 0.20±0.00 0.53±0.12 4.48±1.63 0.26±0.02 0.09±0.07 0.36±0.06 0.28±0.16

harddense 0.25±0.02 1.03±0.35 -0.03±0.01 0.34±0.12 0.49±0.12 3.56±1.87 0.30±0.03 0.34±0.31 0.36±0.09 0.87±0.42

Average (9) 0.28±0.14 0.70±0.50 -0.06±0.02 0.22±0.10 0.71±0.16 3.97±1.82 0.36±0.07 0.25±0.17 0.47±0.08 0.46±0.24

Table 1: Results for normalized cost and normalized reward where ↑ indicates that a higher value is better, while ↓ indicates that a lower value
is preferable. Bold text denotes safe policies, Red indicates unsafe policies, and Blue highlights the highest reward among the safe policies
for each task. Each result is obtained as an average by running over three random seeds and evaluating over 20 episodes.

safe and unsafe actions are present, the high penalty on unsafe
actions ensures they fall below the expectile, causing VR(s) to
converge towards the value of the safe actions. In states where
only unsafe actions are available, VR(s) correctly reflects the
low, penalized value, signaling the agent to avoid such states.
In practice, we can either learn the CBF as a pre-training step
and then learn the reward critic QR, or learn both in paral-
lel. The latter approach aligns more closely with standard
offline RL, which typically extracts the policy while learning
the Q-value. Following this approach, we learn all three com-
ponents—the CBF Qh, the reward critic QR, and the policy
π—concurrently, as presented in the algorithm pseudocode.

Pseudocode and Computational cost. Algorithm 1 sum-
marizes our method where action-value functions (Qh, Qr)
are parameterized to support Bellman updates and policy im-
provement, while value functions (Vh, Vr) are also learned via
function approximation but optimized using expectile regres-
sion to provide stable targets. At each step, we fit the safety
criticQh using a Bellman-like update, then use it to filter tran-
sitions for the reward critic Qr: safe transitions use standard
bootstrapped targets, while unsafe ones receive a pessimistic
penalty based on rmin. The policy is improved via advantage-
weighted regression. This approach prevents reward propaga-
tion through unsafe states and ensures efficient, stable offline

training. On a single RTX 2080 Ti GPU, 500k gradient steps
require about 20 minutes.

6 Experiments
Goal of our experimental evaluation is:

1. Can a learned discrete control barrier function (CBF) ef-
fectively enforce hard safety constraints in the offline
setting while obtaining high rewards ?

2. Assess how different deterministic CBFs—CBFsmooth
Eq.(9), CBFadditive Eq.(10), and CBFmaximum
Eq.(8)—perform in the offline setting.

3. Does the robust smooth barrier update (section 4.2), uti-
lizing an asymmetric loss, provides a safety advantage
over the standard version in the presence of uncertainty?

4. Ablation studies to analyze the algorithm’s sensitivity to
hyperparameters (see Appendix B.2).

Evaluation Setup. We evaluate on diverse safety-
critical continuous control tasks (Safety Gym, Bullet
Gym, MetaDrive) using the same experimental setup as
FISOR [Zheng et al., 2024]. Rewards are normalized by
the dataset’s min and max, and costs by a predefined limit.
A policy is considered safe if its normalized cost does not
exceed one. Further details are in Appendix C.
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Figure 2: Effect of asymmetric aggregation on safety and reward
propagation. This experiment evaluates whether the robust CBF
variant in Sec. 4.2 improves performance under uncertainty. We
add outliers to DSRL and compare Standard-Smooth with Robust-
Smooth, which uses an asymmetric loss to approximate the maxi-
mum cost over the transition function. Across tasks, Robust-Smooth
achieves lower normalized costs with comparable rewards.

Comparison with Baselines. We compare our method
to safe offline RL baselines: CAPS [Chemingui et al.,
2025b], LSPC [Koirala et al., 2025] (soft constraints), and
CCAC [Guo et al., 2025b], FISOR [Zheng et al., 2024] (hard
constraints). As shown in Table 1, methods enforcing safety
only at policy extraction (e.g., CAPS, CCAC, LSPC) often
achieve high rewards but violate constraints. In contrast, our
approach (Algorithm 1) maintains near-zero cost across tasks,
enforcing hard safety while achieving top rewards among safe
policies. This is especially clear in recovery-heavy tasks,
where restricting value backups to the barrier-certified set
preserves high returns and prevents unsafe transitions. Thus,
integrating a learned discrete CBF into value critic learning
(Section 5) enables strict safety without sacrificing perfor-
mance. FISOR and our method both satisfy the cost crite-
rion, but our safety-aware Bellman target yields more accu-
rate value estimates, supporting both high reward, safety.
Comparison of CBFs. A comparison of different barrier
formulations is available in Appendix B.1, which reveals dis-
tinct trade-offs. For instance, CBFmaximum tends to optimize
for reward, while CBFsmooth yields the most stable results.
This distinction highlights that the propagation of safety in-
formation is a decisive factor in offline safe RL.
Robustness via Asymmetric Losses. Figure 2 compares
the standard smooth (deterministic) barrier update (Eq. (9))
with its robust variant (Eq. (11)). To test robustness, we mod-
ify the DSRL dataset by mislabeling 70% of high-cost tra-
jectories as safe using the DSRL’s built-in functionality. We
evaluate both deterministic and robust versions of Smooth
CBF across velocity control and MetaDrive tasks. The robust
version utilizes an asymmetric loss (percentile) with τ = 0.6,
while the standard version uses the standard L1 loss. Robust-
Smooth consistently reduces normalized cost compared to
the Deterministic-Smooth version. Particularly in velocity
tasks, Robust-Smooth achieves nearly zero cost whereas the
Deterministic-Smooth version incurs high costs. This im-

Figure 3: Reward critic Qr(s, a) vs. safety critic Qh(s, a) distribu-
tions for Swimmer Velocity. The red dashed line at Qh(s, a) = 0
marks the safety boundary: points to the left are safe, and those to
the right are unsafe. Left: CBFsmooth prevents reward leakage as
Qr(s, a) is low when Qh(s, a) > 0 while Right: FISOR shows
reward leakage as Qr(s, a) is high even for unsafe pairs.

provement is achieved with only a modest reduction in nor-
malized reward, demonstrating that asymmetric losses effec-
tively estimate a persistent safety set under uncertainty. Im-
portantly, these trends are consistent across all tasks, suggest-
ing that improvements arise from stochasticity-aware safety
estimation rather than task-specific tuning. Although, the ro-
bust variant uses asymmetric losses to approximate worst-
case transitions, reducing costs on average in stochastic en-
vironments, but for hardense/hardsparse, limited data cover-
age causes Eτ to underestimate extreme violations, leading to
less conservative behavior and slightly higher costs than the
deterministic formulation. Complete results across all veloc-
ity control, MetaDrive environments are in Appendix B.3.
Reward Leakage Analysis. To empirically evaluate re-
ward leakage, we save the fully trained model and randomly
sample 10K state-action pairs from the offline dataset. For
each pair, we compute the safety critic Qh(s, a) and reward
critic Qr(s, a) using the saved model, and then plot Qr(s, a)
versus Qh(s, a) to verify that, for Qh(s, a) > 0, the reward
critic remains low, indicating that reward does not propagate
through unsafe transitions. Figure 3 confirms that CBFsmooth
approach effectively blocks reward propagation through un-
safe regions, ensuring that high rewards are only assigned to
safe state-action pairs and providing strong safety guarantees
during value learning.

7 Conclusions
We propose an offline safe RL framework that learns discrete
CBFs via a generalized Bellman backup, unifying prior CBF
methods with convergence guarantees. We further introduce
a robust asymmetric variant for worst-case transitions and a
safety-aware Bellman target to prevent reward leakage, to-
gether with a value-based offline RL method for safe pol-
icy extraction. Across continuous control and autonomous
driving benchmarks, our method satisfies constraints while
achieving competitive or superior reward.
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A Theoretical Results
A.1 Convergence and CBF property
Theorem 3.1. Consider a CMDP with continuous safety indicator h(s, a). The iterative application of the operator B defined
in (7) converges to a unique fixed point Q∗

h. Furthermore, Q∗
h satisfies the Robust Discrete CBF condition defined in (6),

provided Assumptions 3.1 and 3.2 hold.

Proof. The proof consists of two parts: proving convergence via contraction mapping and verifying the CBF property of the
fixed point.
Part 1: Convergence. We show that B is a contraction mapping under the sup-norm ∥ · ∥∞. Let Q1, Q2 be two arbitrary
functions.

∥BQ1 − BQ2∥∞ = sup
s,a

∣∣Ψ(h,max
s′

min
a′

Q′
1)−Ψ(h,max

s′
min
a′

Q′
2)
∣∣

≤ γ sup
s,a

∣∣max
s′

min
a′

Q′
1 −max

s′
min
a′

Q′
2

∣∣
≤ γ∥Q1 −Q2∥∞

The first inequality follows directly from Assumption 3.1 (contraction of Ψ). The second inequality holds due to the non-
expansiveness of the max and min operators [Littman and Szepesvári, 1996]. Specifically, we use the property |maxx f(x) −
maxx g(x)| ≤ supx |f(x)− g(x)| sequentially:∣∣∣∣max

s′
min
a′

Q1(s
′, a′)−max

s′
min
a′

Q2(s
′, a′)

∣∣∣∣
≤ sup

s′

∣∣∣∣min
a′

Q1(s
′, a′)−min

a′
Q2(s

′, a′)

∣∣∣∣
≤ sup

s′

∣∣∣∣max
a′

(−Q1(s
′, a′))−max

a′
(−Q2(s

′, a′))

∣∣∣∣
≤ sup
s′,a′
|Q1(s

′, a′)−Q2(s
′, a′)| = ∥Q1 −Q2∥∞.

Since γ < 1, B is a contraction. By the Banach Fixed Point Theorem, it converges to a unique fixed point Q∗
h.

Part 2: CBF Property. The fixed point satisfies Q∗
h(s, a) = Ψ(h(s, a),maxs′ mina′ Q∗

h(s
′, a′)). By Assumption 3.2, this

implies:
max

s′∈supp(T (·|s,a))
min
a′∈A

Q∗
h(s

′, a′) ≤ Q∗
h(s, a)− α(Q∗

h(s, a)) (15)

Let π(s) = argmina∈AQ
∗
h(s, a), be the optimal safety policy. Then:

max
s′∈supp(T (·|s,a))

Q∗
h(s

′, π(s′)) ≤ Q∗
h(s, a)− α(Q∗

h(s, a)) (16)

This recovers the exact condition required for a Robust Discrete CBF in (6).

A.2 Maximality of the Forward-Invariant Safe Set
Lemma 3.2. A set C ⊆ S × A is forward invariant if there exists a policy π such that, for all (s, a) ∈ C and all s′ ∈
supp(T (·|s, a)), we have (s′, π(s′)) ∈ C. A forward-invariant safe set C∗ is maximal if, for any other forward-invariant safe set
C̃, it holds that C̃ ⊆ C∗. Let Q∗

h be the fixed point of the operator B defined in (7). Then the set

C∗ := {(s, a) ∈ S ×A | Q∗
h(s, a) ≤ 0}

is the maximal forward-invariant safe set induced by B.

Proof. We equip the space of bounded functions Q : S ×A → R with the pointwise partial order

Q1 ⪯ Q2 ⇔ Q1(s, a) ≤ Q2(s, a), ∀(s, a).

We first show that the Bellman operator B is order-preserving. LetQ1 ⪯ Q2. By monotonicity of the min and max operators,

max
s′

min
a′

Q1(s
′, a′) ≤ max

s′
min
a′

Q2(s
′, a′).

By Assumption 3.1, the aggregator Ψ(h, ·) is strictly increasing in its second argument. Hence, for any fixed h(s, a),

Ψ
(
h(s, a),max

s′
min
a′

Q1(s
′, a′)

)
≤ Ψ

(
h(s, a),max

s′
min
a′

Q2(s
′, a′)

)
. (17)



which implies
BQ1(s, a) ≤ BQ2(s, a), ∀(s, a).

Thus, B is monotone with respect to ⪯. Assumption 3.2 implies that for any q = Ψ(h, v), there exists an extended class K
function α such that

v ≤ q − α(q).

Since Ψ(h, ·) is strictly increasing and continuous (Assumption 3.1), it admits a well-defined inverse with respect to its second
argument, which we denote by k−1(·). Strict monotonicity of Ψ(h, ·) directly implies that k−1 is also strictly increasing. This
inverse mapping is used implicitly when interpreting the Bellman update as propagating future safety violations backward to
the current state-action pair, and its monotonicity ensures that order relations are preserved under Bellman iteration.

Let Q0 = h and define Qk+1 = BQk. By monotonicity of B, the sequence {Qk} is non-decreasing, and by Theorem 3.1, it
converges to the unique fixed point Q∗

h.
Each iterate Qk corresponds to the worst-case safety violation over trajectories of length at most k. Therefore, the induced

sets
Ck := {(s, a) | Qk(s, a) ≤ 0}

form a nested sequence of forward-invariant sets, whose limit is C∗.
Let C̃ be any other forward-invariant safe set induced by some function Q̃. Forward invariance implies that Q̃ satisfies the

robust discrete CBF condition, which in turn implies BQ̃ ⪯ Q̃. By monotonicity of B,

Q∗
h = lim

k→∞
BkQ̃ ⪯ Q̃.

Hence, C̃ ⊆ C∗, and C∗ is the maximal forward-invariant safe set.

A.3 Minimality of the Barrier Value Function
Beyond establishing the maximal safe set, we further characterize Q∗

h in terms of its minimality and consistency with the
offline dataset. Specifically, we show that Q∗

h is the least restrictive barrier function satisfying the safety conditions, ensuring
that high-reward actions are not artificially suppressed during learning. Here, Q∗

h is shown to be minimal among all functions
satisfying the discrete CBF condition, ensuring that safety constraints do not artificially suppress high-reward actions during
value learning and policy optimization.

Lemma A.1. Let Q̃ be any function satisfying the Robust Discrete CBF condition (6). Then

Q∗
h(s, a) ≤ Q̃(s, a), ∀(s, a).

We emphasize that the persistent safety set C∗ = {(s, a) | Q∗
h(s, a) ≤ 0} is not restricted to a single connected region. Since

Q∗
h is learned pointwise via Bellman iteration over dataset-supported transitions, the induced safe set may consist of multiple

disconnected components. Each connected component corresponds to a region from which safety can be maintained indefinitely
under some policy supported by the data. No assumptions on convexity or connectedness of the safe set are required.

Proof. Since Q̃ satisfies the Robust Discrete CBF condition, there exists a policy π̃ such that

max
s′

Q̃(s′, π̃(s′)) ≤ Q̃(s, a)− α(Q̃(s, a)).

By Assumption 3.2, this implies

max
s′

Q̃(s′, π̃(s′)) ≤ v ⇒ Ψ(h(s, a), v) ≤ Q̃(s, a).

Since mina′ Q̃(s′, a′) ≤ Q̃(s′, π̃(s′)), we obtain

BQ̃(s, a) ≤ Q̃(s, a),

so Q̃ is a post-fixed point of B.
By contraction and monotonicity of B, iterating from Q̃ yields

Q∗
h = lim

k→∞
BkQ̃ ⪯ Q̃.

Thus, Q∗
h is minimal among all valid discrete CBFs.



A.4 Dataset Consistency
In the offline setting, a transition (s, a, s′) is said to be dataset-supported if it appears in the offline dataset D. A trajectory
is dataset-supported if all its transitions are dataset-supported. Assume Bellman updates are computed only over transitions
supported by an offline dataset D. Then Q∗

h depends solely on dataset-supported transitions and does not rely on unseen
dynamics.

Proof. Let D = {(s, a, s′)} denote the offline dataset and restrict the operator B to

max
s′∈supp(T (·|s,a))∩D

min
a′

Q(s′, a′).

Define Qk+1 = BQk with Q0 = h. Each iterate satisfies

Qk(s, a) = max
0≤t≤k

h(st, at),

over trajectories entirely supported by D.
Taking the limit yields

Q∗
h(s, a) = sup

τ∈TD(s,a)

max
t≥0

h(st, at),

where TD(s, a) denotes dataset-supported trajectories.
Thus, Q∗

h encodes unavoidable safety violations provable from the data alone, ensuring dataset consistency.

A.5 Proof of Proposition 4.1
Proof. We verify Assumptions 3.1 and 3.2 for each variant.

Maximum Ψ(h, v) = max(h, γv).

• Contraction: Since the max operator is non-expansive, we have:

|max(h, γv1)−max(h, γv2)| ≤ |γv1 − γv2| = γ|v1 − v2|.

Thus, Ψ is a contraction in v with factor γ < 1.

• CBF Condition: Let q = max(h, γv). By definition, q ≥ γv, which implies v ≤ q/γ. To satisfy the discrete CBF
condition v ≤ q − α(q), it suffices to show that:

q

γ
≤ q − α(q) ⇐⇒ α(q) ≤ q

(
1− 1

γ

)
.

Consider the safe set where q ≤ 0 and the discount factor γ ∈ (0, 1):

1. The term (1− 1/γ) is negative.
2. Since q is negative (safe), the term q(1− 1/γ) is positive.
3. By definition, for any extended class K function, α(q) ≤ 0 when q ≤ 0.

Therefore, the condition requires a negative value (α(q)) to be less than or equal to a positive value (q(1 − 1/γ)), which
holds for any valid extended class K function α.

Smooth Ψ(h, v) = (1− γ)h+ γmax(h, v).

• Contraction: The operator is a contraction with modulus γ. For any v1, v2:

|Ψ(h, v1)−Ψ(h, v2)| = |((1− γ)h+ γmax(h, v1))− ((1− γ)h+ γmax(h, v2))|
= γ|max(h, v1)−max(h, v2)|
≤ γ|v1 − v2|.

Thus, Ψ is a contraction in v with factor γ < 1.

• CBF Condition: Let q = Ψ(h, v). We analyze the discrete CBF condition v ≤ q − α(q) for safe states (q ≤ 0):

1. Case v ≤ h: In this case, max(h, v) = h, so q = (1− γ)h+ γh = h. The condition becomes v ≤ h− α(h). Since
v ≤ h and −α(h) ≥ 0 (because α is an extended class K function and h is safe), the inequality v ≤ h + positive
holds trivially for any valid α.



2. Case v > h: In this case, max(h, v) = v, so q = (1− γ)h+ γv. Solving for v, we get v = q−(1−γ)h
γ . Substituting

this into the CBF condition v ≤ q − α(q):

q − (1− γ)h

γ
≤ q − α(q) ⇐⇒ α(q) ≤ q − q − (1− γ)h

γ
.

Simplifying the RHS:

α(q) ≤ γq − q + (1− γ)h

γ
=

(1− γ)(h− q)

γ
.

Since v > h, we have q > h, which implies (h − q) is negative. Thus, the condition holds if α(q) is sufficiently
negative (strong decay):

α(q) ≤ −1− γ

γ
|h− q|.

Additive Ψ(h, v) = h+ γv.

• Contraction: The operator is a contraction with modulus γ:

|Ψ(h, v1)−Ψ(h, v2)| = |(h+ γv1)− (h+ γv2)| = γ|v1 − v2|.

• CBF Condition: Let q = Ψ(h, v) = h + γv. This form mirrors the Bellman update for a value function. Solving for v,
we have v = q−h

γ . Directly satisfying the standard condition v ≤ q − α(q) for q ≤ 0 is generally not possible without
invalid dependence on h.
However, as established in [Tan et al., 2023], this additive form satisfies the CBF property if we define the barrier function
as the value shifted by a safety threshold R. Let H(q) = q −R. The condition becomes:

v −R ≤ (q −R)− α(q −R).

Substituting v = q−h
γ :

q − h

γ
−R ≤ (q −R)− α(q −R).

Rearranging guarantees that a valid class K function α exists provided thatR is chosen within specific bounds (sufficiently
large to separate safe and unsafe states). Thus, the Additive mixer generates a valid CBF if the zero-level set is learned as
a threshold R, rather than being fixed at 0.

B Additional Experiments and Ablations
B.1 Comparison of Barrier-Value Formulations
Table 2 isolates the effect of the barrier-value formulation by comparing CBFsmooth, CBFadditive, and CBFmaximum functions on
MetaDrive environments. CBFmaximum achieves best reward in Metadrive medium settings but has higher cost deviation then
CBFsmooth function which is used for the main results. In contrast, the CBFadditive barrier formulation consistently achieves
lower cost than CBFsmooth while attaining higher reward in some cases. The empirical trend of the avergae values aligns with
our theoretical analysis that the learned barrier value function is minimal among all valid discrete CBFs, avoiding unnecessary
conservatism while preserving forward invariance. Overall, these results demonstrate that how safety information is propagated
through the Bellman operator critically affects the safety–performance trade-off in offline RL.

B.2 Sensitivity to Reward and Cost Expectile
We next evaluate the sensitivity of the choice of reward and cost thresholds in the asymmetric Bellman backup. Table 3 varies
the reward expectile from 0.7 to 0.8 at a fixed cost expectile of 0.15, while Table 4 reports results across a range of cost expectile
from 0.1 gto 0.2 at a fixed reward expectile of 0.75. The cost and reward expectile here refers to the values of τr and τh used
to determine the expectile loss during training, while the cost and reward values in table are the results from the evaluation
corresponding to those trained models. Across tasks, the pair of reward and cost expectile at 0.75 and 0.15 respectively,
consistently maintains zero or near-zero cost while achieving stable reward. Moreover, the expectile values at lower or higher
than the optimum exhibit better returns with safe costs, indicating stability across hyperparameter tuning. This suggests that
safety is enforced structurally by the learned barrier value function rather than being delicately balanced by penalty coefficients.



CBFsmooth CBFadditive CBFmaximum
reward ↑ cost↓ reward ↑ cost↓ reward ↑ cost↓

easysparse 0.52±0.01 0.46±0.15 0.53±0.04 0.41±0.22 0.30±0.23 0.03±0.02

easymean 0.38±0.07 0.36±0.37 0.42±0.12 1.82±2.20 0.13±0.20 0.05±0.05

easydense 0.55±0.21 0.61±0.18 0.31±0.12 0.16±0.23 0.47±0.11 0.29±0.16

mediumsparse 0.54±0.04 0.23±0.46 0.67±0.08 0.04±0.03 0.74±0.06 0.74±0.57

mediummean 0.54±0.15 0.30±0.36 0.31±0.33 0.02±0.02 0.61±0.03 0.45±0.60

mediumdense 0.53±0.16 0.26±0.15 0.55±0.09 0.06±0.05 0.73±0.09 0.32±0.41

hardsparse 0.42±0.02 0.77±0.07 0.34±0.04 0.05±0.07 0.16±0.22 0.15±0.25

hardmean 0.36±0.06 0.28±0.16 0.29±0.06 0.03±0.03 0.37±0.03 0.10±0.06

harddense 0.36±0.09 0.87±0.42 0.20±0.19 0.04±0.04 0.42±0.04 1.08±0.91

Average (9) 0.47±0.08 0.46±0.24 0.40±0.15 0.29±0.59 0.44±0.22 0.36±0.35

Table 2: Results for comparison of normalized cost and normalized reward using Maximum and Additive barrier value functions with the
Smooth barrier value function on Metadrive where ↑ indicates that a higher value is better, while ↓ indicates that a lower value is preferable.
Bold text denotes safe policies, Red indicates unsafe policies, and Blue highlights the highest reward among the safe policies for each task.
Each result is obtained as an average by running three random seeds and evaluating over 20 episodes.

0.700 0.725 0.750 0.775 0.800
reward ↑ cost↓ reward ↑ cost↓ reward ↑ cost↓ reward↑ cost↓ reward ↑ cost↓

AntVelocity 0.87±0.01 0.00±0.00 0.87±0.01 0.00±0.00 0.85±0.02 0.00±0.00 0.88±0.03 0.00±0.00 0.85±0.02 0.00±0.00

HalfCheetahVelocity 0.82±0.05 0.00±0.00 0.80±0.01 0.00±0.00 0.80±0.02 0.00±0.00 0.82±0.02 0.00±0.00 0.80±0.03 0.00±0.00

SwimmerVelocity 0.53±0.08 0.00±0.00 0.50±0.05 0.00±0.00 0.48±0.08 0.00±0.00 0.47±0.12 0.00±0.00 0.50±0.06 0.07±0.12

Average (3) 0.74±0.18 0.00±0.00 0.72±0.20 0.00±0.00 0.71±0.20 0.00±0.00 0.72±0.22 0.00±0.00 0.72±0.19 0.02±0.04

AntCircle 0.50±0.03 0.00±0.00 0.51±0.05 0.00±0.00 0.50±0.08 0.20±0.35 0.49±0.04 0.00±0.00 0.44±0.04 0.87±1.50

BallCircle 0.45±0.02 0.00±0.00 0.43±0.03 0.00±0.00 0.43±0.02 0.00±0.00 0.41±0.01 0.00±0.00 0.40±0.03 0.00±0.00

CarCircle 0.56±0.06 0.00±0.00 0.55±0.03 0.00±0.00 0.51±0.03 0.00±0.00 0.53±0.05 0.00±0.00 0.55±0.05 1.13±1.96

DroneCircle 0.31±0.05 0.00±0.00 0.34±0.07 0.00±0.00 0.30±0.08 0.00±0.00 0.31±0.07 0.00±0.00 0.26±0.09 0.07±0.12

Average (4) 0.46±0.11 0.08±0.16 0.46±0.09 0.08±0.17 0.43±0.09 0.13±0.15 0.43±0.10 0.08±0.16 0.41±0.12 0.57±0.52

easysparse 0.14±0.30 0.03±0.05 0.41±0.17 0.09±0.02 0.32±0.11 0.04±0.02 0.30±0.28 0.08±0.11 0.08±0.19 0.01±0.02

mediumsparse 0.70±0.04 0.75±0.62 0.73±0.09 0.73±0.63 0.76±0.07 0.48±0.32 0.76±0.07 0.47±0.41 0.63±0.10 0.06±0.06

hardsparse 0.37±0.04 0.44±0.26 0.39±0.02 0.38±0.33 0.39±0.03 0.76±0.57 0.38±0.04 0.45±0.39 0.24±0.24 0.08±0.11

Average (3) 0.40±0.28 0.41±0.36 0.51±0.19 0.40±0.32 0.49±0.24 0.43±0.36 0.48±0.25 0.33±0.22 0.32±0.28 0.05±0.04

Table 3: Results for comparison of normalized cost and normalized reward across range of reward-tau at a fixed cost-tau where ↑ indicates
that a higher value is better, while ↓ indicates that a lower value is preferable. Bold text denotes safe policies, Red indicates unsafe policies,
and Blue highlights the highest reward among the safe policies for each task. Each result is obtained as an average by running three seeds of
(0,10,20) and evaluating over 20 episodes.

B.3 Complete Results on Effectiveness of The Asymmetric Aggregation
Figure 4 reports the full set of results for the experiment summarized in Figure 2 of the main paper, covering all velocity
control tasks (Ant, HalfCheetah, Swimmer, Hopper) and the complete MetaDrive suite (easydense, easymean, easysparse,
mediumdense, mediummean, mediumsparse, harddense, hardmean, hardsparse). Using the same protocol—70% of high-cost
trajectories mislabeled as safe via DSRL—we compare the deterministic Smooth CBF against its robust variant with asymmetric
loss (τ = 0.6). Across all tasks, Robust-Smooth consistently lowers normalized cost while retaining comparable normalized
reward, confirming the trend observed in the main paper. The exceptions are the harddense and hardsparse settings, where
limited data coverage of high-cost transitions causes the expectile Eτ to underestimate extreme violations, yielding slightly
higher cost than the deterministic baseline. Overall, the broader evaluation supports the conclusion that asymmetric aggregation
provides a tighter approximation of worst-case future safety violations under uncertainty.

C Additional Experimental Details
C.1 Evaluation Metrics
We evaluate performance using the normalized reward return and the normalized cost return. The evaluation metrics are defined
as

Rnormalized =
Rπ − rmin

rmax − rmin
, Cnormalized =

Cπ + ϵ

l + ϵ
,



0.100 0.125 0.150 0.175 0.200
reward ↑ cost↓ reward ↑ cost↓ reward ↑ cost↓ reward↑ cost↓ reward ↑ cost↓

AntVelocity 0.86±0.02 0.00±0.00 0.88±0.03 0.00±0.00 0.87±0.01 0.00±0.00 0.88±0.02 0.00±0.00 0.86±0.03 0.00±0.00

HalfCheetahVelocity 0.82±0.05 0.00±0.00 0.85±0.04 0.00±0.00 0.79±0.00 0.00±0.00 0.82±0.05 0.00±0.00 0.80±0.02 0.00±0.00

SwimmerVelocity 0.45±0.11 0.00±0.00 0.49±0.06 0.00±0.00 0.48±0.11 0.00±0.00 0.54±0.06 0.00±0.00 0.50±0.09 0.00±0.00

Average (3) 0.71±0.23 0.00±0.00 0.74±0.22 0.00±0.00 0.71±0.21 0.00±0.00 0.75±0.18 0.00±0.00 0.72±0.20 0.02±0.04

AntCircle 0.45±0.03 0.00±0.00 0.26±0.22 0.00±0.00 0.36±0.31 0.20±0.35 0.39±0.22 0.00±0.00 0.42±0.07 0.87±1.50

BallCircle 0.46±0.09 0.00±0.00 0.42±0.03 0.00±0.00 0.44±0.03 0.00±0.00 0.40±0.05 0.00±0.00 0.35±0.03 0.00±0.00

CarCircle 0.63±0.03 0.00±0.00 0.56±0.05 0.00±0.00 0.54±0.06 0.00±0.00 0.52±0.04 0.00±0.00 0.52±0.04 0.00±0.00

DroneCircle 0.36±0.05 0.00±0.00 0.32±0.04 0.00±0.00 0.29±0.08 0.00±0.00 0.32±0.07 0.00±0.00 0.23±0.16 0.00±0.00

Average (4) 0.47±0.11 0.09±0.18 0.39±0.13 0.08±0.16 0.41±0.11 0.12±0.14 0.41±0.08 0.08±0.16 0.38±0.12 0.06±0.12

easysparse 0.29±0.04 0.08±0.04 0.30±0.31 0.34±0.56 0.11±0.25 0.03±0.05 0.49±0.01 0.29±0.36 0.29±0.26 0.07±0.06

mediumsparse 0.82±0.04 0.39±0.43 0.74±0.08 0.12±0.09 0.51±0.50 0.22±0.26 0.73±0.11 0.28±0.34 0.51±0.12 0.15±0.05

hardsparse 0.09±0.21 0.01±0.01 0.30±0.06 0.08±0.07 0.38±0.01 0.23±0.12 0.37±0.06 0.11±0.08 0.30±0.10 0.10±0.08

Average (3) 0.40±0.38 0.16±0.20 0.45±0.25 0.18±0.14 0.33±0.20 0.16±0.11 0.53±0.19 0.22±0.10 0.37±0.13 0.10±0.04

Table 4: Results for comparison of normalized cost and normalized reward across range of cost-tau at a fixed reward-tau where ↑ indicates
that a higher value is better, while ↓ indicates that a lower value is preferable. Bold text denotes safe policies, Red indicates unsafe policies,
and Blue highlights the highest reward among the safe policies for each task. Each result is obtained as an average by running three seeds of
(0,10,20) and evaluating over 20 episodes.
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Figure 4: Effect of asymmetric aggregation on safety and reward propagation. Experiment investigates whether the robust version of
CBF discussed in Sec 4.2 offers an advantage under uncertainty. We modify the DSRL with outliers and use a Smooth barrier update. Figure
compares the Standard smooth version against the Robust smooth version, which utilizes an asymmetric loss when learning the Q-value to
approximate the maximum cost over the transition function. We report normalized cost (top) and reward (bottom) across tasks. With identical
settings, Robust-Smooth achieves lower costs and comparable rewards.

where Rπ =
∑

t rt denotes the cumulative reward return of a policy and Cπ =
∑

t ct denotes its cumulative cost return. In
all benchmark tasks, the per-step cost ct = 0 if the state is safe and ct > 0 for unsafe states. The quantities rmin and rmax

correspond to the minimum and maximum reward returns observed in the offline dataset, respectively. The constant l denotes
a predefined cost limit, and ϵ is a small positive constant added to ensure numerical stability. Following this protocol, a task is
considered safe if the cumulative cost does not exceed the cost limit l, or equivalently, if the normalized cost return is no greater
than one.

C.2 Training Details

All value functions are implemented as two-layer multilayer perceptrons with ReLU activation functions and 256 hidden units
per layer.We use a Gaussian model as the actor policy in Safety Gym and Bullet Gym while we use a Diffusion model as the
actor policy in Metadrive to cater to the high dimensionality (259) of the state space. Expectile regression is employed for
value learning, with the expectile parameter set to τr = 0.75 for reward value learning and τh = 0.15 for cost value learning.
During policy optimization, exponential advantages are clipped to (−∞, 100]. We further use reward temperature to control
the sharpness of the policy update. We perform function approximation using a constraint violation function h(s). In practice,
the benchmark environments used in our experiments do not provide an explicit constraint violation signal, but instead provide
a per-state cost function c(s). To address this, when c(s) = 0, the state is considered safe and we set h(s) = −1, whereas when
c(s) > 0, the state is considered unsafe and we set h(s) =M , where M is the cost scale. The cost scale used to normalize the
raw cost values is set to 1 for Safety Gym and Bullet Gym, while for Metadrive it is set to 25 to account for the sparse data.



Table 5: Hyperparameters used for Barrier-Guided Offline Actor–Critic (CBF)

Parameter Value

Optimizer Adam
Learning rate 3e−4

Discount factor γ 0.99

Soft target update rate α 0.001

Reward expectile τr 0.75

Cost expectile τh 0.15

Reward temperature β 3.0

Minimum reward rmin −1e−3

Cost upper bound cub 150

Cost limit 10

Hidden layers (value / critic) 2

Neurons per hidden layer 256

Activation function ReLU
Number of times Gaussian noise is added T 5

Number of action candidatesN 16

Training steps 5 × 105

C.3 Asymmetric Losses
Percentile loss, often called Pinball loss, generalizes the absolute error (L1) to estimate conditional quantiles. By weighting
positive and negative errors differently based on τ ∈ (0, 1), it provides a robust metric for interval prediction that is less
sensitive to extreme outliers than squared methods.

Lpin
τ (y, ŷ) =

{
τ(y − ŷ) if y ≥ ŷ

(τ − 1)(y − ŷ) if y < ŷ
(18)

Expectile loss generalizes the squared error (L2) to estimate expectiles, which are the squared-loss analogs to quantiles. It
applies asymmetric weights to the squared residuals, offering the advantage of being differentiable everywhere while still
allowing the model to focus on the tails of the distribution.

Lexp
τ (y, ŷ) =

{
τ(y − ŷ)2 if y ≥ ŷ

(1− τ)(y − ŷ)2 if y < ŷ
(19)

C.4 Hyperparameters
We use Adam optimizer with a learning rate of 3e−4. We use a batch size of 512 for training. We report the detailed setup in
Table 5. We use a Gaussian model as the actor policy in Safety Gym and Bullet Gym while we use a Diffusion model as the
actor policy in Metadrive to cater to the high dimensionality (259) of the state space.

D Example explaining reward leakage
Consider the simple deterministic MDP shown below:

s0
as−→ s1 → r = 1, s0

au−→ su → r = 10,

where:
• as is a safe action leading to state s1,
• au leads to an unsafe state su,
• the safety constraint is violated at su,
• both transitions are present in the offline dataset.
Assume the agent receives reward only at the terminal state and γ = 1 for simplicity.

Standard Bellman Backup. A conventional offline RL critic learns:

Q(s0, a) = r(s0, a) + V (s′),

without considering whether the transition is safety-feasible.
Thus:

Q(s0, as) = 1, Q(s0, au) = 10.



Even after convergence, the learned value function assigns:

Q(s0, au) > Q(s0, as),

because the Bellman operator propagates reward through the unsafe transition.
However, under the safety constraint, the trajectory through su is infeasible and should not contribute to the optimal safe

value function.
Safety-Aware Bellman Backup. Our method modifies the Bellman target using the safety critic:

yr =

r + γVr(s
′), Qh(s, a) ≤ 0,

rmin

1− γ
−Qh(s, a), otherwise.

Since (s0, au) is unsafe (Qh(s0, au) > 0), the unsafe transition receives a pessimistic target:

Q(s0, au) ≪ 1.

As a result:
Q(s0, as) > Q(s0, au),

and the learned value function converges to the optimal safe solution.
Thus, the issue is not merely transient optimization behavior before convergence, but the fixed point toward which the Bellman
updates converge. Standard Bellman backups optimize expected return over all dataset transitions, including trajectories that
violate safety constraints. Consequently, the learned reward critic converges to the optimal unconstrained value function,
rather than the optimal value function restricted to safe trajectories. In particular, high future rewards that are only reachable
through unsafe intermediate transitions can still propagate backward through bootstrapping, assigning artificially high value
to states/actions that are infeasible under the safety constraint. This effect persists even after convergence because the unsafe
transitions remain part of the Bellman operator itself. Our safety-aware Bellman target modifies the operator directly by
assigning pessimistic targets to unsafe transitions, ensuring convergence toward a value function consistent with the forward-
invariant safe set.
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